In this article, we exhibit a large class of Banach spaces whose open unit balls are bounded symmetric homogeneous domains. These Banach spaces, which we call J*-algebras, are linear spaces of operators mapping one Hilbert space into another and have a kind of Jordan tripte product structure. In particular, all Hilbert spaces and all B*--algebras are J*-algebras. Moreover, all four types of the classical Cartan domains and their infinite dimensional analogues are the open unit balls of J*-algebras, and the same holds for any finite or infinite product of these domains. Thus we have a setting in which a large number of bounded symmetric homogeneous domains may be studied simultaneously. A particular advantage of this setting is the interconnection which exists between function-theoretic problems and problems of functional analysis.
domain in C n is holomorphically equivalent to the open unit ball of a J*-algebra. Also, for J*-algebras having an isometry, we obtain an algebraic condition which implies that the open unit ball of the J*-algebra is not holomorphically equivalent to a product of balls. As expected, none of the infinite dimensional analogues of the four types of classical Cartan domains is holomorphically equivalent to a product of balls.
The unit spheres of many J*-algebras contain small subsets playing the same role as the distinguished boundary of polydiscs. In fact, any non-empty subset of the unit sphere of a J* algebra which is stable under the application of the Mobius transformations and under multiplication by complex numbers of unit modulus is a boundary for the algebra of all bounded complex-valued functions holomorphic in the open unit ball of the J*-algebra and continuous in its closure. Three particularly interesting stable subsets of a J*-algebra are (when non-empty) the set of extreme points of the closed unit ball, the set of all isometries, and the set of all unitary operators. For a finite dimensional J*-algebra, the Shilov boundary for the mentioned algebra of functions is the set of extreme points of the closed unit ball of the J*-algebra. We
give an algebraic characterization of extreme points and determine these explicitly for the J*-algebras whose open unit balls are classical Cartan domains. to be homogeneous if for each pair of points x,y G ~" there exists a biholomorphic mapping h: ~f-* ,~f with h(x) = y. If in addition the mappings h can be chosen to be affine mappings, ~ is said to be affinely homogeneous. Further, ,~b'is said to be a symmetric domain if for each x E ~ there exists a biholomorphic mapping h: ~'-* ~ such that h has x as its only fixed point and h 2 = I, where I is the identity map on ~f.
Throughout, the open (resp., closed) unit ball of a complex normed linear space X is denoted by X 0 (resp., X1). Thus XO= {xEX: Ilxll < 1), X 1 = (xCX: Ilxll ~< 1}.
A point x (E X 1 is said to be an extreme point (resp., a complex extreme point) of X 1 if the only y C X satisfying IIx+Xyll ~< 1 for all real (resp., complex) numbers ;k with IXI ~< 1 is y = 0. Clearly any extreme point of X 1 is a complex extreme point of X 1.
In a previous paper [14] (see also [15] and [16] ), the author proved For example, suppose that H is a complex Hilbert space and that H 0 is holomorphically equivalent to a domain X 0 x Y0" Clearly X 0 x Y0 = (X x Y)0 when X x Y has the norm II(x,y)ll = max {llxll, Ilyll), and we shall see later that H 0 is a homogeneous domain. Hence by Corollary 1, the spaces H and X x Y are isometrically isomorphic. Then since all unit vectors in H are extreme points of H1, the same must be true of X x Y. But for each x @ X with Ilxll = 1, the point (x,0) is a unit vector in X x Y which is not an extreme point of (X x Y)I" Thus we conclude that H 0 is not holomorphicalfy equivalent to any domain of the form X 0 x YO" Clearly this result contains Theorem 2.1 of [11] . (A more general result is given in Theorem 8 below.) Further, note that if X 0 is a homogeneous domain then it is automatically symmetric. Indeed, given x E XO, let g be a biholomorphic mapping of X 0 onto itself with g(x) = O, and define h = g-lo Log, where Lx = -x for x @ X O. It is easy to verify that h has the required properties.
It would be interesting to know whether or not Corollary 1 holds without the assumption that X 0 is a homogeneous domain. §2. J*-algebras and Cartan domains Let H and K be complex Hilbert spaces and let £(H,K) denote the Banach space of all bounded linear operators from H to K with the operator norm. For each operator A (E £(H,K) there is a uniquely determined operator A* C £(K,H) such that (Ax,y) = (x,A*y) for all x E H and y c K. It is easily verified that * satisfies the usual laws of an adjoint operation [25, p.105] . Definition 1. A J*-algebra is a closed complex-linear subspace ~)~ of £(H,K) such that AA*A @ e~_ whenever A E Q~., Throughout, unless otherwise specified, ~ , ~, and ~" denote arbitrary J*-algebras.
Many familiar spaces are J*-algebras, For example, any Hilbert space H may be thought of as a J*-algebra since H can be identified with the space £(C,H), where C denotes the complex plane. Also any C*-algebra is obviously a J*-algebra and hence by the Gelfand-Naimark theorem [31, p,244] , any B*-algebra may be thought of as a J*-algebra.
respectively, then is easily seen to be a J*-algebra. There is no difficulty in extending this definition and equality (4) to the case of finite or infinite products.
Thus in particular, any product of open unit balls of J*-algebras is the open unit ball of the corresponding product of the J*-algebras, which is itself a J*-algebra.
Clearly J*-algebras are not algebras in the ordinary sense; however, as the following proposition shows, J*--algebras do contain certain symmetrically formed products of their elements. To prove this, all we must show is that (6') ~ (6). Suppose (6') holds. Put P=(BA*)(BA*)*, Q=AA*, R = BB*, and note that each of these operators is positive. Multiplying equation (6') on the right by B*, we have P + QR = 0; and taking adjoints we obtain QR = RQ, so both P and QR are positive. Therefore P = 0, and consequently, BA* = 0. Similarly, multiplying equation (6') on the left by B*, we obtain A*B = 0. This completes the proof. Another example of interest is the equivalence of the conditions (7) CB*A = AB*C = C for all C• ~., The rest of this section will be devoted to a further discussion of the Cartan factors of type IV, which are of special interest.
A Cartan factor of type IV can be defined, alternately, as the closed Hnear space spanned by a spin system [38], i.e., a family (Ucz} of setf-adjoint unitary operators on a Hilbert space such that U~ U/~ + U/3 Ue = 0 when c~ ~ /3. For, it is easy to see that any such space is a Cartan factor of type IV.
Conversely, as we have seen, any Cartan factor of type IV is a Hilbert space with conjugation and hence has an orthonormal basis f.Ue} of self-conjugate elements. Thus {Ucx} is a spin system and its closed span is the Cartan factor. Spin systems with any given finite number of elements can be constructed explicitly by taking certain Kronecker products of the Pauli spin matrices. Indeed, the set of all 2 n x 2 n matrices Px~xQxIx---x]~__,.__j, k=O ..... n, k n-k-1 whereP= (0_1)1 0 and Q=(10 1) or (0 i-O) ,i is a spin system having 2n+l elements.
Let H be a Hilbert space with conjugation x ~ E, and let x --* A x be a linear map on H satisfying (2). Given x,y E H, let ;k 1 and X 2 be the roots of the polynomial p0,) = X2-2(x,Y)X + (x,x)(y,y). It will be useful to know that When H is finite dimensional, ~'0 is sometimes referred to as a Lie bail. 
Proof. By a result of Kadison and Ringrose [21 ]
, all we need to show is that p is product preserving. By [20], p is the sum of a *-isomorphism and a *-anti-isomorphism, say #. In particular, ~ is a product reversing mapping of ~ onto ~', where ~ and ~' are C*-subalgebras of ~, and ~ = p/~.~. We will show that ~' is commutative. It then follows that ~p is product preserving, and hence so is p. Since A}A 1 = 0, we have A*AE = EA*AE, and taking adjoints we obtain (19) , Hence by hypothesis, one of the operators (22) is always 0, the desired contradiction.
Now for anyA, BE ~,

II p(A)p (B)-p(B )p(A)ll
Clearly one can obtain algebraic identities satisfied by any hermitian projection [2] on a J*-algebra by equating the coefficients of the powers of X in (21) where Ikl 2 is replaced by 1. These identities imply in particular that the identity map is the only hermitian projection E on a B*-atgebra with identity 1 such that
The rest of this section is devoted to applications of Theorem 6 and its corollary, 
Suppose ~ is a Cartan factor of type IlL Since Theorem 8 is classical [3] when H is finite dimensional,
we may suppose that H is infinite dimensional. Then there is an orthonormal basis for H in H r and this basis can be partitioned into two equivalent sets {e~} and' {e~}. Let U be the operator on H defined by Ue(x = e~x and Ue~ =-ec~. Then U=QUQ, U 2=-land U* =-U. Hence U is a unitary operator in ~..
Now suppose E is a projection in £(H) satisfying (19) . Let x be a unit vector in H r and extend x to an orthonormal basis for H r. This basis is then an orthonormal basis for H and may be partitioned into sets {x}, {ec~ }, and {e~z}, where the last two sets are equivalent. Let A be the operator on H defined by Ax = O, Aec~ =e~x, andAe~x =-e(x. ThenA=QAQ, A* =-A,andA 2 =xx*-]. HenceAE 9] . andA*A=l-xx*.
The argument given for Cartan factors of type [! now applies to show that E = 0 or E = ][. Suppose ~ is a Cartan factor of type IV and that dim ,b~ > 2. Then "~ is the space spanned by a spin system which we write in the form {U O} U {Ucx}, where U 0 is distinct from any of the Uc/S. Taking Ve = iU0Ue, we see that (Vc~} is a spin system with at least two elements and that the J*-algebra =U09~. is the cfosed space spanned by the set {!} U {Vc~}. Since 9] [ is isometrically J*-isomorphic to ~, it suffices to show that ~ satisfies the hypotheses of Theorem 6. Suppose (19) holds. Taking A =l+v~xin (19) ,wehaveEv e =V~Eforall cc ThenEB =BE =B,so For example, it is known [19, p.6 ] that the Bergman-Shilov boundary for a classical Cartan domain ~f of (a)
type [ with n < m is the set of all isometries in CI ~ , type I with n = m, type I[, type III with n even, or type IV is the set of all unitary operators in type IIl with n odd is the set of all operators V C CI ~f satisfying V*V = I-xx* for some x E C n with tlxll = 1.
To see this, apply Theorem 11 below to show that each of the sets described is a set of extreme points of CI ~r and observe that each of the sets is closed and stable. Note that the Bergman-Shilov boundary for any finite product of the above domains is the corresponding product of the Bergman-Shilov boundaries for each of the domains.
Proof of Theorem 9. Let g: X ~ C be a holomorphic function and suppose Ig(x)1% 1 for all x E h(P).
Given Proof. Given A @ P , define f(X) = 1 h(~A) for 0 < lXl < t and take f(0) = L(A). Clearly the composition of f with any bounded linear functional on X is holomorphic in the open unit disc z&, and hence by the (classical) maximum principle and the Hahn-Banach theorem, we have f(A) C_ X 1. Then since L(A) is a complex extreme point of X 1, it follows that f is constant by the Thorp-Whitley maximum principle [37] .
(See [14] for a simple proof which applies to this slightly more general situation.)
Now given0 < r < 1, defineg(B)=h(rB)--L(rB) forBE 9/1" Then g is continuous in 9/1 and holomorphic in N0, and by the above g vanishes on F. Hence g vanishes identically in ~1 by Theorem 9.
Therefore h = L. Note that any product of upper half-planes of J*-algebras which each have an isometry is the upper half-plane of the product of the J*--algebras with respect to the product isometry. 
